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Let G be a finite group and S a finite G-monoid. A crossed G-set over S is a
finite G-set equipped with a G-map into S called a weight function. A crossed
Ž .Burnside ring X G, S is the Grothendieck ring of the category of crossed G-sets
with respect to disjoint unions and tensor products. In this paper, we prove the
fundamental theorem of crossed Burnside rings and an idempotent formula at
characteristic 0.  2001 Academic Press
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1. INTRODUCTION
Ž .1.1 Operations Compatible with Inductions and Restrictions. It is well-
Ž .known that the center Z kG of the group algebra kG acts on the
nŽ .cohomology group H H, M of a subgroup H of G with coefficient in a
Ž .kG-module M. In fact, for any z Z kG , the map  : MM; m zmz
is a kG-homomorphism, and so  induces an endomorphism ofz
nŽ .H H, M . The most remarkable property of this action is that it is
compatible with restriction, conjugation, and corestriction on the cohomol-
Ž .ogy groups of subgroups of G. On the other hand, the Burnside ring  G
Ž .also acts on the character ring R H of any subgroup H of G so that the
action is compatible with restriction, conjugation, and induction maps.
Ž . Ž Ž ..Unfortunately, there exists no nontrivial action of Z kG resp. R G on
Ž . Ž nŽ ..R H resp., H H, M having the compatibility property.
Ž . Ž Ž ..A G-functor or often a Mackey functor is a family a K equippedKG
with three kinds of maps, that is, induction, conjugation, and restriction,
 satisfying some axioms. See Gr71, Dr75 for the details. As typical exam-
Ž nŽ ..ples, the cohomology groups H K , M and the character ringsKG
Ž Ž ..R K are both G-functors. There exists a universal ring which actsKG
Ž .on each component a K of any G-functor a and is compatible with
structure maps. In fact, such a ring is constructed as the center of the
representation category of G-functors or as the center of the so-called
Mackey algebra.
Here, there exists another ring, called the crossed Burnside ring and
Ž c. Ž .denoted by X G, G , which has actions on a K compatible with
 structure maps for any G-functor a. Consider the operation D, s , where
Ž . Ž .DG and s C D , on a K defined byG
  K g s g1g 1D , s   ind res con  , 1.1.aŽ . Ž .Ý D g s g K
KgD
where KgD runs over all double cosets in K 	GD and gA denotes the
conjugation gAg1 for any subset or element A of G. After a little lengthy
calculation, we know that this action is compatible with all structure maps
 of the G-functor a. We furthermore know that the composition D, s 
     E, t of the operations D, s and E, t is expressed as
     g g D , s  E, t 
 D E, s  t . 1.1.bŽ .Ý
DgE
  Ž c.Thus these operation D, s ’s generate a ring X G, G , which is called a
Ž  .crossed Burnside ring. This ring contains Z  G , the center of the group
Ž .algebra, and the Burnside ring  G . Of course, there exists a canonical
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Ž .but neither injective nor surjective ring homomorphism from the crossed
Burnside ring to the above universal ring. In comparison with the center of
the Mackey algebra, the crossed Burnside ring is much easier to treat.
Ž .1.2 Crossed G-Sets. There is another description of crossed Burnside
rings. Let G be a finite group and S a G-monoid. Then an S-crossed G-set
 X is defined to be a finite G-set X equipped with a weight function  :
X S which is compatible with the action of G. We can define the tensor
product X Y of two crossed G-sets over S. The notions of crossed
G-sets and their tensor products become more and more important in the
 area of representation theory of finite groups Wi96 , algebraic topology,
 quantum group theory Mag95 , and algebraic topological quantum field
 theory Ye92 .
The category G-xsetS becomes a monoidal category by tensor prod-
Ž .ucts. The crossed Burnside ring X G, S of G over S is now defined to
be the Grothendieck ring of G-xsetS by disjoint unions and tensor
products. The purpose of this serial paper is to study the crossed Burnside
Ž .ring X G, S ; in particular, we state the fundamental theorem and the
idempotent formulas at characteristic 0 and p 0, together with some
applications.
 The additive version of crossed G-sets is the concept of crossed  G -
  Žmodules. Here, a crossed G-module is a G-graded  G -module. Simi-
.larly, a crossed G-set can be viewed as a G-graded G-set. Furthermore,
the category of crossed G-modules is represented by the quantum double
Ž .  D G of the group algebra  G , and so a crossed G-module is nothing but
Ž . Ž c.a D G -module. Thus our crossed Burnside ring X G, G is a non-
Ž Ž ..additive version of Witherspoon’s ring R D G .
Ž .1.3 Main Results. One of the main results of this paper is the
fundamental theorem of crossed Burnside rings. We define the crossed
ghost ring of G over S by
Ž .N HG˜X G , S   C H ,Ž . Ž . S
Ž . Ž .H C G
Ž .where H in the first coproduct runs over all conjugacy classes of
subgroups of G. We define the Burnside homomorphism by
˜    : X G , S  X G , S ; X  x .Ž . Ž . Ý
HxX
Then we have the fundamental theorem of crossed Burnside rings:
THEOREM 4.4. There is an exact sequence of abelian groups,
 ˜0 X G , S X G , S XObs G , S  0.Ž . Ž . Ž .
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In particular, the Burnside homomorphism  is injectie and has a finite
cokernel.
In Section 4, we prove the fundamental theorems for the p-local and
p-modular crossed Burnside rings, too. In Section 5, we give an idempotent
formula at characteristic 0 when the G-monoid S is a normal subgroup of
ŽG with G-action by G-conjugation. We shall study an idempotent formula
.at characteristic p 0 in the next paper of this series.
Ž .1.4 Notation. The notation and terminology used in this paper are
standard, and the reader may refer to any books on finite group theory and
 the representation theory of finite groups, e.g., CR81, Fe82, Be91 . In this
paper, G always denotes a finite group and S a finite monoid with left
G-action. Here we list some notation we frequently use without any
further comment:
Ž .NH N H , the normalizer of H in GG
Ž . Ž .WH W H N H HG G
Ž .   h 4C H  s S s
 s hH , the centralizerS
gA  gAg1, the conjugate of A by gG
G   Ž .4 Ž .M  mM gm
m gG for a G-set or G-module
Ž .Z A the center of a ring A
 k S the semigroup algebra of a semigroup S over a commutative
ring k
 X, X the cardinality of a set X
G the stabilizer subgroup at an element x of a G-setx
Sc the G-monoid S with G-action defined by G-conjugation for
SG
G-set the category of finite G-sets
Ž . Ž .C G the set of conjugacy classes H of subgroups H of a group G
2. THE CATEGORY OF CROSSED G-SETS
Ž .2.1 Group Action. Let G be a finite group. By a G-set, we mean a set
with a left G-action. A mapping f : X Y between two G-sets is called a
Ž . Ž .G-map if it preserves G-action, that is, f gx 
 gf x for all gG and
Ž .x X. The set of G-maps between G-sets X, Y is denoted by Map X, Y .G
The category of finite G-sets and G-maps is denoted by G-set.
A monoid S is called a G-monoid if the group G acts on S as monoid
homomorphisms,
G S S ; g , s gs,Ž .
g hs
g hs , 1s
 s ; g st 
gs g t , g1
 1 for s, t S, g , hG.Ž .Ž .
After this, G always denotes a finite group and S a finite G-monoid.
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Ž . Ž .2.2 Crossed G-Sets. A crossed G-set X over S is a G-set X equipped
with a G-map called a weight function:
    : X S ; x x . 2.2.aŽ .
  g  So gx 
 x for gG, x X. If there is no special indication, we
 always use the symbol x for the weight of an element x of any crossed
G-set. For each s S, the s-component of a crossed G-set X is defined by
     4X s  x X x 
 s . 2.2.bŽ .
Then we have
  g gX s 
 X s , gG , s S. 2.2.cŽ .
 In particular, the stabilizer G at s S acts on X s . Thus any crosseds
G-set X possesses a S-grading compatible with the G-action:
 X
 X s . 2.2.dŽ .
sS
In this paper, we study only finite crossed G-sets, that is, crossed G-sets
in which the underlying G-sets are finite sets.
Ž .2.3 The Category G-xsetS. A crossed G-map between two crossed
 Ž .  G-sets X and Y is a G-map f : X Y preserving weights: f x 
 x
for all x X. The set of crossed G-maps of X to Y is denoted by
X Map X , Y .Ž .G
Finite crossed G-sets and crossed G-maps make a category
G-xsetS.
This category has two kinds of products. The first one is often called a
Hadamard product which is simply a product in the categorical meaning
and is defined by fiber products X Y over S. The second one, calledS
the tensor product, is much more interesting.
Ž .2.4 Tensor Product. The tensor product of two crossed G-sets X, Y
over S is defined by
X Y X Y as sets ,Ž .
     g x , y  gx , gy , x , y  x  y gG , x X , y Y .Ž . Ž . Ž . Ž .
Ž .Clearly, the construction X, Y  X Y is functorial in both variables.
The tensor product makes the category G-xsetS also into a monoidal
 4category, in which the unit object I
  is a singleton with weight
  
 1, as usual.
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Using the notion of tensor products, we can define some algebraic
systems as usual. For example, a crossed G-monoid A over S is defined to
be a crossed G-set equipped with a crossed G-map : A A A
satisfying the associativity. Thus, the G-monoid S itself is trivially a
 crossed G-monoid over S with weight s 
 s. A crossed left A-set X is a
Ž .crossed G-set with left A-action: A X X ; a, x  ax. Let A be a
Ž . Ž .crossed G-monoid and X resp. Y be a crossed right resp. left A-set.
Then the tensor product X Y over A is defined to be the set ofA
equivalence classes
X Y X Y ,A
Ž . Ž .where  is the equivalence relation generated by xa, y  x, ay for all
a A, x X, y Y.
Ž .2.5 Closeness. The monoidal category G-xsetS is closed, that is, the
functor
  Y : G-xsetSG-xsetS ; X X Y 2.5.aŽ . Ž .
has a right adjoint functor called an internal hom-functor,
hom Y , : G-xsetSG-xsetS. 2.5.bŽ . Ž .
In fact, this functor is, on objects, defined by
     4hom Y , Z  s  	 : Y Z 	 y 
 s  y , 2.5.c 4Ž . Ž . Ž .
sS
Ž .where 	 is simply a mapping not a G-mapping, in general . The G-action
and the weight are given by
g s, 	  g s, g	 , g	 : y g	 g1 y ,Ž . Ž . Ž .
 s, 	  s.Ž .
Ž . Ž .When Y is empty, we put hom Y, Z  I the unit object .
For crossed G-sets X, Y, Z, the natural bijection

X Map X Y , Z X Map X , hom Y , Z 2.5.dŽ . Ž . Ž .Ž .G G
is defined by
 f : X Y Z  x x , x : y f x , y ,Ž . Ž .Ž .ˆŽ .
g : X hom Y , Z  x , y  g x y ,Ž . Ž . Ž . Ž .Ž . Ž .1
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Ž . Ž . Ž  Ž ..where g x is defined by g x 
 x , g x . Furthermore, the associativ-1 1
ity of the tensor product and the uniqueness of a right adjoint functor to a
functor imply the natural isomorphisms of crossed G-sets:
hom X Y , Z  hom X , hom Y , Z , 2.5.eŽ . Ž . Ž .Ž .
hom I , Z  Z. 2.5.fŽ . Ž .
The first isomorphism is given by
ˆ	 	 s, X Y Z  s, X hom Y , Z , 2.5.gŽ . Ž . Ž .Ž .
where
ˆ  	: x s  x , y  Y  	 x , y .Ž . Ž .Ž .
Ž . Ž .Similarly, the right adjoint functor hom
 X, to X  is given by
     4hom
 X , Z  s  	: X Z 	 x 
 x  s . 2.5.h 4Ž . Ž . Ž .
sS
Ž .2.6 Braiding. The monoidal category G-xsetS is not braided in
general, and the following problem seems to still be open:
Ž .Problem. Characterize the pair G, S where G-xsetS is symmetric or
braiding.
We shall give a necessary condition to this problem as an application of
Ž .the fundamental theorem in Section 4 Corollary 4.7 . See also Joyal and
 Street’s paper JS93, Section 3 .
Assume that G-xsetS is braided. Then by the uniqueness of the adjoint
functors there exists a natural isomorphism
hom X , Y  hom
 X , Y .Ž . Ž .
If S is an abelian G-monoid, then G-xsetS is clearly symmetric by the
transposition
c : X Y Y X ; x , y  y , x . 2.6.aŽ . Ž . Ž .X Y
Next, let S be a normal subgroup of G and let Sc denote the G-set S
itself with the G-action defined by conjugation:
G Sc Sc ; g , s gs gsg1 . 2.6.bŽ . Ž .
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In this case, we have a non-symmetric braided monoidal category G-
xsetSc as follows:
Ž .2.7 LEMMA. Let S be a normal subgroup of G and we consider crossed
G-sets oer the G-monoid Sc defined as aboe. Then the following hold:
Ž . c1 The monoidal category G-xsetS is braided by the braiding
 c : X Y Y X ; x , y  x y , x . 2.7.aŽ . Ž .Ž .X Y
The category G-xsetSc is not symmetric by this braiding if S is not triial.
Ž .2 There is a natural isomorphism

 hom Y , Z hom
 Y , Z ; s, 	  s, y y  	 y . 2.7.bŽ . Ž . Ž . Ž . Ž .Ž .
 Proof. The proof is easy; see FY89, Theorem 4.2.2 . Since
 11c : X Y Y X ; x , y  y , y x ,Ž . Ž .Y X
we have c 1  c in general, and so G-xset is not symmetric for anyY X X Y
nontrivial normal subgroup S.
Ž .2.8 Groupoid. A groupoid is a category in which each morphism is an
Ž .isomorphism. From a G-monoid S, we can construct a groupoid G, S in
which an object is an element of S and a morphism from s to t is a triplet
Ž . gof the form t, g, s such that t
 s. The composition is defined in the
multiplication of G. If X is a crossed G-set over S, then we have an
S-grading:
     4X s  x X x 
 s , s S,
  g g : X s  X s ; x gx , gG. 2.8.aŽ .ˆ
    Ž .Furthermore, the assignment X  : s X s , t, g, s  g is a functorˆ
Ž .  from the groupoid G, S to set. Conversely, given a functor X  on
Ž .  G, S , a crossed G-set is constructed by the disjoint union  X s .s S
Ž .Viewing a crossed G-set as a functor on G, S , the tensor product of
crossed G-sets X and Y is written as
     X Y s 
 X u  Y  . 2.8.bŽ . Ž .
u
s
˙˙
Ž .2.9 Remark. When S is a normal subgroup G, itself of G, the functor
Ž c.from G, G to the category Vec of -vector spaces is viewed as a
Ž . Ž .module over D G , where D G is the quantum double of the group
 algebra  G . For finite G a ‘‘crossed G-module’’ is nothing but a
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Ž .D G -module. Furthermore, the -coefficient category algebra of the
Ž c. Ž . groupoid G, G is Morita equivalent to D G . See Wi96, Section 2;
 Ž .Ma95 for D G -modules as G-graded G-modules.
Ž .2.10 The Category of Elements. Here is another viewpoint to the
concept of crossed G-sets. Let
F : G-setmon
Žbe a contravariant functor from the category of finite G-sets or another
.nice monoidal category to the category of finite monoids which maps
Ž disjoint unions to direct products. Then an element see MM94, Definition
. Ž .1.6.4 of this functor is a pair X, s of a finite G-set X and an element
Ž . Ž . Ž .s F X . A morphism f : X, s  Y, t between elements is defined to
Ž .Ž .be a G-map f : X Y such that F f t 
 s. Thus we have a category
Ž .Elem G-set, F of elements of F. This category is a monoidal category with
tensor product
 X , s  Y , t  X Y , F  s  F  t , 2.10.aŽ . Ž . Ž . Ž . Ž . Ž .Ž .1 2
where  is the ith projection on X Y.i
Ž .As is shown in the next lemma, Elem G-set, F is a generalization of the
category of crossed G-sets. One of the authors proposes ‘‘monomial
Ž .category’’ as the name of Elem G-set, F after monomial representations
0 Ž .of finite groups. In fact, for the contravariant functor X Ext X,*G
ˆŽ .and so GHH, the group of linear characters , we have the category
of monomial representations. Then taking its Grothendieck ring, we have
Ž .the ring R G , the ring of monomial characters, which was applied to the
explicit formula of Brauer induction theorem. We can develop a theory of
the monomial category and its Grothendieck ring which is a partial
generalization of the theory of crossed G-sets and crossed Burnside rings
to a limited extent, e.g., induction-restriction maps, the fundamental theo-
rem, and the idempotent formula.
Ž .2.11 LEMMA. Let S be a finite G-monoid. Then there is an equialence
of monoidal categories,
G-xsetS Elem G-set, Map , S , 2.11.aŽ . Ž .Ž .G
Ž .where Map , S : G-setmon is a Hom-functor in G-set and theG
Ž .monoid structure on Map X, S is gien by the element-wise multiplicationG
Ž .Ž . Ž . Ž .   x   x   x .
Proof. The proof is easy.
Ž .2.12 Transitie Crossed G-Sets. For a subgroup D of the group G and
Ž .an element s of C D , the centralizer of D in S, the homogeneous G-setS
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  gGD becomes a crossed G-set with the weight function gD  s. We
Ž .denote this crossed G-set by GD .s
A crossed G-set X is called transitie if the underlying G-set X is a
Ž .transitive G-set. Such a transitive crossed G-set is isomorphic to GD s
Ž .for some DG, s C D .S
Ž .2.13 LEMMA. The following statements hold: g 1 gŽ . Ž . Ž . Ž .1 GD  GE D
 E  gEg , s
 t for gG.s t
Ž . Ž . Ž .2 Any crossed G-map from GD to GK has the forms t
gˆ
GD  GE ; uD ugE, 2.13.aŽ . Ž . Ž .S t
where D gE, s
gt.
Ž . Ž . Ž . Ž .3 Aut GD 
 End GD  WD , wheres s s
 nWD  nDN D D s
 s . 2.13.b 4Ž . Ž . Ž .s G
Ž .4 For a crossed G-set X,
D D      4X Map GD , X  X s  x X x 
 s , 2.13.cŽ . Ž .Ž .sG
where X D is the set of D-fixed points of X. In particular,
     4X Map G1 , X  X s 
 x X x 
 s . 2.13.dŽ . Ž .Ž .Ž .sG
Ž . ŽŽ . Ž . .   g g 45 X Map GD , GE  gEGE D E, s
 t . InG s t
particular, if D is G-conjugate to no subgroup of E, then there is no crossed
Ž . Ž .G-map from GD to GE . Furthermore, if D is G-conjugate to E, thens t
Ž . Ž .any crossed G-map from GD to GE is an isomorphism.s t
Ž .6 Any crossed G-set X is uniquely decomposed into a direct sum of
transitie crossed G-subsets.
Ž . Ž . Ž . Ž g . g7 GD  GE  GD E .s t D g E D	GE s t
Proof. The proof is easy.
3. CROSSED BURNSIDE RINGS
Ž . Ž .3.1 Crossed Burnside Ring X G, S . The crossed Burnside ring
Ž .X G, S is the Grothendieck ring of the category G-xsetS with respect
to disjoint unions and tensor products, and so this ring is, as an abelian
 group, generated by the isomorphism classes X of crossed G-sets with
relations
     X Y 
 X  Y . 3.1.aŽ .
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The multiplication is defined by the tensor product of crossed G-sets,
     X  Y  X Y . 3.1.bŽ .
Since any crossed G-set is a disjoint union of transitive crossed G-sets,
Ž .X G, S has the following free -basis as an abelian group:
   D , s DG , s C D D , s  GD . 3.1.c 4Ž . Ž . Ž ..Ž .sS
By Lemma 2.13, we have the relation
 g g   D , s 
 E, t E
 D , t
 s for gG 3.1.dŽ .
and the multiplication defined by
     g g D , s  E, t 
 D E, s  t . 3.1.eŽ .Ý
DgED	GE
 The identity element is G, 1 .
ŽThe crossed Burnside ring is not commutative in general see Corollary
.4.6 . When S
 1, the crossed Burnside ring is the ordinary Burnside ring
Ž . G , that is, the Grothendieck ring of G-set with respect to disjoint
unions and Cartesian products. On the other hand, when G
 1, the
crossed Burnside ring is the semigroup algebra S.
Ž . Ž .3.2 PROPOSITION. The rank of the free abelian groups X G, S is equal
to
 C K 1Ž .S
  K , 3.2.aŽ .Ý Ýž /   N K xŽ .GŽ . Ž . xKK 
K C G
Ž . Ž .where C G is the set of all conjugacy classes K of subgroups K of G and
K 
 denotes the commutator subgroup of K.
Ž .  Proof. The crossed Burnside ring X G, S has a basis H, s , HG,
Ž .s C H . SinceS
 g g   H , s 
 K , t K
 H , t
 s, gG ,Ž .
we have
 rank X G , S 
 C H  , 3.2.bŽ . Ž . Ž .Ý S NH
Ž . Ž .H C G

Ž .where NH denotes the equivalence relation defined by the N H -conju-G
Ž  .gation. We now apply the CauchyFrobenius lemma see Yo90b to
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calculate the number of orbits:
1 ² :n H   C H  
 C HŽ . Ž .ÝS NH S N HŽ .G nNH
1
 ² : 
 C n H .Ž .Ý S N HŽ .G Ž .nN HG
Thus we have
1   ² : C H  
 C n HŽ . Ž .Ý Ý ÝS NH S N HŽ .GŽ . Ž . Ž . Ž . Ž .H C G H C G nN HG
1
 ² : 
 C n HŽ .Ý Ý S G HG Ž .nH HG
1
   ² :
 C K   nN H K
 n H 4Ž . Ž .Ý S G G H KG
˙ ˙
1
     
 C K  H   KHŽ . Ž .Ý S G H KG
KH : cyclic
1
     
 C K H  KHŽ . Ž .Ý ÝS G KG H KG
K˙H : cyclic
   C K  KHŽ . Ž .S
 
  K  .Ý Ý   N K KHŽ .GŽ . Ž . H KK C G
˙KH : cyclic
Here  denotes the Euler function. Moreover, we have
    KH  CŽ .Ž .

 3.2.cŽ .Ý Ý   KH CH K CKK 

˙ C˙ : cyclicKH : cyclic
1

 . 3.2.dŽ .Ý  xxKK 
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Hence
 C K 1Ž .S
 rank X G , S 
  K .Ž . Ý Ýž /   N K xŽ .GŽ . Ž . xKK 
K C G
The proposition is proved.
Ž .  3.3 Remark. The summation like Ý1 x on an abelian group KK 

appears also in the equation
 n 41  xG x 
 1
 z 
 , 3.3.aŽ . Ž .Ý Ýz z x nxG n
1
where G is a finite group, z is a complex number with its real part greater
Ž .than 1, and  z is the Riemann zeta function.
Ž .3.4 Changing the G-Monoids. Let  : S T be a G-monoid homo-
morphism. Then  induces a functor
 : G-xsetSG-xsetT ; X X , 3.4.aŽ .!
where X was viewed as a crossed G-set over T with weight function
Ž . Ž .x  x . Clearly,  maps a transitive crossed G-set GD to! s
Ž .GD . The functor  preserves coproducts and tensor products, andŽ s. !
so it induces a ring homomorphism
    : X G , S  X G , T ; X  X . 3.4.bŽ . Ž . Ž .!
Ž . Ž .Let  G be the Burnside ring of G see 3.1 . Then the trivial G-monoid
homomorphisms : 1 S and  : S 1 induce the ring homomorphisms
    :  G  X G , S ; GD  D , 1 3.4.cŽ . Ž . Ž .!
    : X G , S  G ; D , s  GD . 3.4.dŽ . Ž . Ž .!
Clearly,   is an identity map. Thus we can view the Burnside ring! !
Ž . Ž . Ž . G as a subring of X G, S through the injection  , and so X G, S!
Ž .is an  G -algebra and
X G , S 
 G Ker  . 3.4.eŽ . Ž . Ž . Ž .!
4. THE FUNDAMENTAL THEOREM
Ž .4.1 Ghost Rings. As before, let G be a finite group and S be a finite
G-monoid. For any subgroup H of G, the centralizer of H in S,
 hC H  s S s
 s hH , 4.1.a 4Ž . Ž .S
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Ž .is a submonoid of S, on which WHN H H act as monoid automor-G
 phisms. The semigroup algebra  S of S is a permutation G-module with
 Ž .  G-basis S. Clearly,  C H is a subring of  S with WH-action.S
Now, the group G acts on the right as ring automorphisms on the
product ring
 G   C H 4.1.bŽ . Ž . Ž .Ł S
HG
by
 g  gH , g s s forŽ .Ýž /
Ž .sC HS H

  H , s s and gG. 4.1.cŽ . Ž .Ýž /
Ž .sC HS H
Ž .The subring consisting of G-fixed elements of  G is called the crossed
ghost ring:
G˜X G , S  GŽ . Ž .
g g
  H , s s  H , s 
  H , s gGŽ . Ž . Ž .Ýž /½ 5
Ž .sC HS H
4.1.dŽ .
˜Ž . Ž .  Ž . Ž .The H-component  H 
Ý  H, s s  C S of any  X G, Ss H
Ž .is fixed by WH
N H H, and soG
G
W H˜X G , S 
  C H 4.1.eŽ . Ž . Ž .Ł Sž /
HG
W H  C H 4.1.fŽ . Ž .Ł S
Ž . Ž .H C G
Ž . Ž .as rings, where C G is the set of G-conjugacy classes H of subgroups H
Ž .of G. Since X G, S has a basis consisting of the classes of the form
 D, s , we have
˜rank X G , S 
 rank X G , S . 4.1.gŽ . Ž . Ž . 
Ž .4.2 The Burnside Homomorphism. For each subgroup H of G and for
any crossed G-set X over S, define
W HH     X  x 
 X s s  C H , 4.2.aŽ . Ž . Ž .Ý ÝH S
H Ž .sC HxX S
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H   4where X  x X hx
 x hH as usual. Since the map  isH
constant on each isomorphism class of crossed G-sets and is additive, it
Ž .can be extended to an additive map on the Grothendieck ring X G, S :
W H
 : X G , S   C HŽ . Ž .H S
H      ; X  x 
 X s s. 4.2.bŽ .Ý Ý
H Ž .sC HxX S
It easily follows from the definition of the weight on a tensor product that
 is a ring homomorphism. At a transitive crossed G-set, the map  hasH H
the value
  g D , s 
 sŽ . ÝH
HŽ .gD GD
H g
  gD GD s
 t  t . 4.2.cŽ . Ž . 4Ý
tS
As a special case, we have the ring homomorphism
G      : X G , S   S ; X  x . 4.2.dŽ . Ž .Ý1
xX
This map is surjective because
  C s , s 
 s s
  S . 4.2.eŽ . Ž .ˆŽ . Ý1 G
s
NHs
Ž c. Ž  .In particular, X G, G has Z  G as a quotient ring.
The Burnside homomorphism is now defined by
˜  : X G , S  X G , S . 4.2.fŽ . Ž . Ž . Ž .H
Ž . Ž .We often write the value  x simply by x H . Using this notation, weH
have that for any gG,
x gH 
g x H , 4.2.gŽ . Ž . Ž .Ž .
where we extended the action of G on S to the semigroup ring S. The
Burnside homomorphism  is, of course, a ring homomorphism.
When S is a trivial monoid 1, we have the Burnside homomorphism
 H   : X  X 4.2.hŽ .Ž . H
˜Ž . Ž .  from the classical Burnside ring  G to the ghost ring  G Yo90b .
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Ž .4.3 The Group of Obstructions. We next define the group of obstruc-
tions as
 XObs G , S   WH  , 4.3.aŽ . Ž . Ž .Ž .Ý s
 H , s
 where H, s runs over the isomorphism classes of transitive crossed
G-sets, that is, the complete representatives of G-conjugacy classes of
Ž . Ž . gŽ . Žg g .pairs H, s of HG and s C H under G-action H, s 
 H, s ,S
Ž . Ž . Ž .and where WH is the stabilizer at s C H in WH
N H H. Fors S G
Ž .each HG and s C H , define a linear map  asS H , s
˜   : X G , S   WH ;Ž . Ž . sH , s
² : H , s s   n H , s . 4.3.bŽ . Ž . Ž .Ý Ýž /
Ž . Ž .sC H nH WHS s
Thus we have a linear map called a CFB-map after the CauchyFrobenius
lemma or Burnside’s lemma:
˜  : X G , S XObs G , S . 4.3.cŽ . Ž . Ž . Ž .H , s
Ž . Ž .4.4 THEOREM The Fundamental Theorem . The following sequence of
abelian groups is exact:
 ˜0 X G , S X G , S XObs G , S  0. 4.4.aŽ . Ž . Ž . Ž .
˜Ž . Ž .Proof. Note that the free abelian groups X G, S and X G, S
Ž .have the same rank by 4.1.g . By the definition of the crossed ghost ring
there is an isomorphism of abelian groups,
˜f : X G , S  ;Ž . Ł
 H , s
 H , s s   H , s .Ž . Ž .Ž .  Ý H , sž /
s H
Ž .   Ž .By Lemma 2.13 4 , the H, s -component of f X is equal to
H H         4X s 
  x X x 
 s 
 X Map GH , X .Ž .Ž .sG
Ž .Thus the linear map f is presented by the matrix the table of marks
 M X Map GH , GK 4.4.bŽ . Ž . Ž .Ž .Ž .    s t H , s , K , tG
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indexed by isomorphism classes of transitive crossed G-sets. Since
X Map GH , GK H gK gG 4.4.cŽ . Ž . Ž . Ž .Ž .s tG
Ž .by Lemma 2.13 5 , the matrix M is an upper triangular matrix with
Ž .   diagonal constituents WH ’s after arranging H, s ’s by the order of H ’s.s
Thus the Burnside homomorphisms  is injective and
Coker  XObs G , S . 4.4.dŽ . Ž . Ž .
Note that  is surjective because the matrix corresponding to  is
conjugate to a triangular matrix. Thus by the universality of the cokernels
we know that it remains only to show that
 
 0. 4.4.eŽ .
Ž .For a crossed G-set X, the H-component of  X is given by
H     X 
 x 
 X s s,Ž . Ý ÝH
H Ž .sC HxX S
 H  H    4where X s  x X x 
 s as before. Thus
² :    X 
  X n H , s mod WHŽ . Ž . Ž . Ž .Ý sH , s
nHWH
² :n H    
 X s mod WH .Ž .Ý s
nHWH
 Applying the CauchyFrobenius lemma to the WH-set X s , we have
H      X 
 WH  WH 	 X sŽ . Ž . Ž .s sH , s
  0 mod WH ,Ž . s
Ž .proving 4.4.e . The theorem is proved.
Ž .4.5 COROLLARY. For two crossed G-sets X, Y oer S, the following
statements are equialent:
Ž .1 X and Y are isomorphic.
Ž . Ž . Ž .2  X 
  Y for eery subgroup HG.H H
Ž .   H    H  Ž .3 X s 
 Y s for eery HG and s C H .S
Proof. This directly follows from the injectivity of the Burnside homo-
morphism .
Ž .  4.6 COROLLARY. Let  be a commutatie ring in which G  1 isK
inertible. Then
W H
 X G , S   C H . 4.6.aŽ . Ž . Ž .Ł S
Ž . Ž .H C G
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Ž .  Ž .W HIn particular, X G, S is commutatie if and only if  C H isS
commutatie for any HG.
Ž .Proof. The statement 4.6.a immediately follows from the fundamental
Ž .  theorem and the fact that KM
 Tor K, M 
 0 for any G -torsion1
Ž .abelian group M. The remainder directly follows from 4.6.a .
Ž .4.7 COROLLARY. If the category of crossed G-sets is braided by some
 Ž .W Hbraiding c , then the WH-fixed point ring  C H is a commutatieX , Y S
 Ž .W Hring for any subgroup H of G. Conersely, if  C H is commutatie forS
Ž .any H, then for any crossed G-sets X, Y oer S there exists a non-natural
isomorphism X Y Y X of crossed G-sets.
Proof. If the G-xsetS is braided, then X Y Y X for all X, Y.
Ž .Furthermore, by Corollary 4.6, the crossed Burnside ring X G, S is
˜ Ž .commutative if and only if the crossed ghost ring X G, S is also. This
 Ž .W Hmeans that X Y Y X for all X, Y if and only if  C H isS
commutative for all H. Hence the corollary follows.
Ž .4.8 COROLLARY. Let S be a normal subgroup of G and let G act on
c Ž c.S 
 S by conjugation. Then X G, S is commutatie and is isomorphic to
a subring of
W Hc˜X G , S   C H 4.8.aŽ . Ž . Ž .Ł S
Ž . Ž .H C G

 Z  N H   C H , 4.8.bŽ . Ž . Ž .Ž .Ž .Ł G S
Ž . Ž .H C G
Ž  Ž .. Ž .where Z  N H is the center of the group algebra of N H .G G
Proof. By the fundamental theorem, it only remains to show
W H
 C H 
 Z  N H   C H .Ž . Ž . Ž .Ž .S G S
Ž . Ž .But this is clear because C H N H holds.S G
Ž .4.9 The Crossed Burnside Ring in R-Coefficients. Let R be a commuta-
tive ring. By the tensoring with R, we have R-versions of the crossed
Burnside ring, the crossed ghost ring, and the module of obstructions as
RX G , S  R X G , S , 4.9.aŽ . Ž . Ž .
G
˜RX G , S  R C H , 4.9.bŽ . Ž . Ž .Ł Sž /
HG
RXObs G , S  R WH R . 4.9.cŽ . Ž . Ž .Ž .Ł s
 H , s
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Ž .4.10 THEOREM. For any commutatie ring R, the sequence
1 1inc ˜0 R G , S RX G , S  RX G , S  RXObs G , S  0,Ž . Ž . Ž . Ž .
Ž . Ž .is exact, where R G, S is the ideal of RX G, S defined by
    R G , S  a D , s WD  a 
 0  D , s . 4.10.aŽ . Ž . Ž .Ý sD , s  D , s ½ 5
 D , s
 In particular, if R is G -torsion free, then we hae an exact sequence
1 1˜0 RX G , S  RX G , S  RXObs G , S  0.Ž . Ž . Ž .
Ž .Proof. We only have to show that R G, S is the kernel of 1 .
  Ž .First, let a
Ýa D, s be an element of R G, S . Then we haveD , s 
  a 
 a  D , sŽ . Ž .ÝH D , s  H
 D , s
H g
 a  gD GD s
 t t 4.10.bŽ . Ž . 4Ý ÝD , s 
  tSD , s
Ž . Ž .  Ž .H  g 4by 4.2.c . Note that WD acts freely on the set gD GD s
 t bys
Ž .nD, gD  gnD. Thus
H g   gD GD s
 t  0 mod WD . 4.10.cŽ . Ž . Ž .Ž . 4 s
Ž .  Ž .Since WD  a 
 0 by the assumption on a, we have that  a 
 0,s D , s  H
Ž . Ž . Ž .and so a belongs to Ker 1  . Thus R G, S Ker 1  .
  Ž .Conversely, take an element a
Ýa D, s of Ker 1  . We shallD , s 
Ž .   show that WD  a 
 0 for any D, s by the induction argument ons D , s 
Ž .the inverse order of D. Choose a subgroup H possibly, H
G satisfying
Ž .       the condition that WD  a 
 0 for any D, s with D  H . Thens D , s 
0
  aŽ .H
 
 a  D , sŽ .Ý D , s  H
 D , s
H g
 a  gD GD s
 t tŽ . 4Ý ÝD , s 
  tSD , s
Ž Ž .. Ž .H see 4.10.b . Note that GD  implies H D and that  gDG
Ž .H  g 4 Ž .  Ž Ž ..GD s
 t is divisible by WD see 4.10.c . Thus it follows froms
   the assumption of induction that all of the terms at D, s except for H, s
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in the above summation vanish, and so
g0
 a  gHWH s
 t t . 4Ý ÝH , s Ž . tSsC H S WH
Calculating the coefficient of t in the right-hand side, we have the
required identity
 WH  a 
 0.Ž . s H , s 
The theorem is proved.
Ž .4.11 The p-Local Crossed Burnside Rings. Let  be a local ring ofp
characteristic 0 with residue field  of characteristic p 0. Clearly, we
have
  XObs G , S 
   WH  , 4.11.aŽ . Ž . Ž .Ž .Ł psp p p
 H , s
 XObs G , S 
  WH  , 4.11.bŽ . Ž . Ž .Ž .Ł ps
 H , s
   G , S 
 a D , s a 
 0 if WD  0 mod p .Ž . Ž . Ž .Ý sD , s  D , s ½ 5
 D , s
4.11.cŽ .
Ž . Ž . Ž .See 4.9.c and 4.10.a . Thus an element of FXObs G, S can be identified
  Ž . with an -valued function on the set consisting of H, s such that WH s
Ž . 0 mod p , and so
dim XObs G , S 
 dim  G , SŽ . Ž .Ž . Ž .
   
  H , s WH  0 mod p . 4.11.d 4Ž . Ž . Ž .s
In the p-local case, another CFB-map is constructed by using the
existence of Sylow p-subgroups.
Ž p. ˜ : X G , S  XObs G , S ;Ž . Ž .p p
² : H , s s   n H , s , 4.11.eŽ . Ž . Ž .Ý Ýž / ž /
Ž . Ž .sC H nH WHS s, p
Ž . Ž .where WH denotes a Sylow p-subgroup of WH . The conjugacy ofs, p s
Sylow p-subgroups implies that the above summation does not depend on
Ž .the choice of the Sylow p-subgroups of WH .s
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We note that  Ž p. is different from 1  in general! We furthermore
define  Ž p. 1  for the p-local Burnside homomorphism.
Ž .4.12 THEOREM. Let  be a local ring of characteristic 0 with residuep
field  of characteristic p 0. Then the following statements hold.
Ž .1 The sequence of  -modulesp
 Ž p. Ž p.˜0 X G , S  X G , S   XObs G , S  0Ž . Ž . Ž .p p p
is exact.
Ž .2 The sequence of -ector spaces
 Ž p.  Ž p.inc ˜0  G , S X G , S  X G , S  XObs G , S  0Ž . Ž . Ž . Ž .
is exact.
Ž .Proof. 1 Let
  mn n , p 
 1  4.12.a 4Ž . Ž .Ž p.
be the ring of p-local integers. When  
  , we can prove thep Ž p.
exactness of the sequence in the same way as in the proof of the
fundamental theorem. In the general case, taking the tensor product of the
sequence by  over  , we have the exactness of the sequence, asp Ž p.
 Ž p.Ž Ž ..required. Here note that Tor  , XObs G, S vanishes. In fact, it1 p Ž p.
  Ž .is a G -torsion module because so is XObs G, S , and on the other hand it
Ž .is isomorphic to a submodule of the torsion-free  -module A X G, S .p p
Ž . Ž . Ž .Hence 1 is proved. Part 2 follows from 1 and Theorem 4.10.
Ž .4.13 Remark. This theorem means that not only
˜1  :  X G , S  XObs G , SŽ . Ž .p p
but also  Ž p. is a cokernel of  Ž p.
 1 , and so there must exist
Ž . Ž p. Žuniquely an automorphism  of  XObs G, S such that  
  1p
. Ž . . However, the authors do not know the explicit formula for   for
Ž . XObs G, S .p
Ž .4.14 LEMMA. Let  be a field of characteristic p 0 which is the
Ž .residue field of a local field  of characteristic 0. Then the ideal  G, S ofp
Ž . Ž Ž ..X G, S is contained in the Jacobson radical J X G, S . In particu-
Ž . Ž .lar,  G, S is a nilpotent ideal of X G, S .
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 Ž .Proof. Let denote the modulo J  -reduction. Define an ideal  p p
Ž .of  X G, S byp
  a X G , S a  G , SŽ . Ž . 4p p
  
 a D , s a  J  if WD  0 mod p ,Ž . Ž .Ž .Ý sD , s  D , s  p½ 5
 D , s
Ž . Ž .so that we have  
  G, S by the modulo J  -reduction. Considerp p
the commutative diagram
 Ž p.inc   ˜   X G , S  X G , SŽ . Ž .p p p

 
 Ž p.inc  ˜X G , S .X G , S G , S Ž .Ž .Ž .
Ž p. ˜Ž . Ž Ž ..  We first show that     J  X G, S . Let a
Ýa D, s bep p D , s 
an element of  . Then we havep
Ž p.   a 
 a  D , sŽ . Ž .ÝH D , s  H
 D , s
 
 a M D , s , t  tŽ .Ý ÝD , s 
  tSD , s
 
 M D , s , t  a t ,Ž .Ý Ý D , s 
  tSD , s
where
H g M D , s , t   gD GD s
 t .Ž .Ž .  4
Ž .See 4.2.c . Since
  M D , s , t  0 mod WD ,Ž .Ž . Ž .s
and a , we have thatp
   WD  0 mod p M D , s , t  1  J Ž . Ž . Ž . Ž .s  pp
 WD  0 mod p  a  J  ,Ž . Ž . Ž .s D , s  p
and so, in either case,
 M D , s , t  a  J  .Ž . Ž .D , s  p
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Ž p.Ž . Ž . Ž . Ž  Ž ..Thus  a  J  C H  J  C H . Now we obtained the re-H p S p S
Ž p. ˜Ž . Ž Ž ..quired statement  a  J  X G, S .p
Since
Ž p. ˜ Ž p.    J  X G , S    X G , SŽ . Ž .Ž . Ž .ž /p p p
 J  Ž p.  X G , S 
  Ž p. J  X G , S ,Ž . Ž .Ž . Ž .Ž . Ž .p p
˜ Ž .where we used the facts that  X G, S is finitely generated  -modulep p
Ž p. Ž .and that  is injective on  X G, S , we have thatp
  J  X G , S .Ž .Ž .p p
Now, the statement of the lemma follows directly from the modulo
Ž .J  -reduction.p
5. CROSSED BURNSIDE RINGS AT CHARACTERISTIC 0
Ž .5.1 Mobius Functions. The Mobius function : P P  of a finite¨ ¨
poset P is inductively defined by
 x , x 
 1;  x , y 
 0 if x y ; 5.1.aŽ . Ž . Ž .
 x , t 
  t , y 
 0 if x	 y. 5.1.bŽ . Ž . Ž .Ý Ý
ty tx
˙ ˙
Ž . Ž .Define functions  ,  : P P  by  x, y  1 if x y and  x, y  0
Ž . Ž .otherwise;  x, y  1 if x
 y, and  x, y  0 otherwise. Then by the
definition of the Mobius function, we have that 
 
  , where¨
 denotes the convolution product
 x , y   x , t  t , y . 5.1.cŽ . Ž . Ž . Ž . Ž .Ý
xty
˙
Thus the well-known Mobius inversion formulas¨
f
 g f
 g , 5.1.dŽ .
 f
 g f
  g , 5.1.eŽ .
Ž .Ž . Ž . Ž .hold for functions on P, where f x Ý f t  t, x , and so on.t x
˙  See Stanley’s book for Mobius functions on posets St86 .¨
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Ž . Ž .5.2 PROPOSITION Inversion Formula . Let  be a field of characteris-
Ž  1 .tic 0 or a commutatie ring with G  . Let
˜
  H , s s  X G , S . 5.2.aŽ . Ž . Ž .Ýž /
Ž .sC HS H
Then the inerse image of  by 1   is gien by
1
   D  D , H  H , s D , s , 5.2.bŽ . Ž . Ž .Ý Ý G DHG Ž .sC HG˙ ˙
where  is the Mobius function of the subgroup lattice of G.¨
Ž .Proof. Let a X G, S denote the right-hand side of the above
formula. Then for any subgroup L of G, we have
    gG 1  a 
 D  D , H  H , s sŽ . Ž . Ž . Ž .Ý Ý ÝL
gDG Ž .H , s gD : L D

  D , H  H , s  L, gD gsŽ . Ž . Ž .Ý Ý
D , H , s gG
g1
  g Lg , D  D , H  H , s sŽ . Ž .Ž .Ý Ý Ý
gG Ž . DHH , s
g1
  g Lg , H  H , s sŽ .Ž .Ý Ý
gG Ž .H , s
g1
  g Lg , s sŽ .Ý Ý
1gG Ž .sC g LgS
gg
  L, s sŽ .Ý Ý
ggG Ž .s : sC LS

  L, t tŽ .Ý Ý
gG Ž .tC LS
 
 G  L, s s.Ž .Ý
Ž .sC LS
Ž .Ž .Thus 1  a 
  , as required.
Ž . Ž .5.3 COROLLARY The Second Fundamental Theorem . The sequence
of abelian groups
  
˜0 X G , S X G , S XObs G , S  0 5.3.aŽ . Ž . Ž . Ž .
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Ž 
 .is exact, where  

  is defined byH , s H , s

 : 
  H , s s   H , L  L, s . 5.3.bŽ . Ž . Ž . Ž .Ý ÝH , s ž /
Ž . Ž .sC H LC sG G
Proof. First, the linear map  
 is surjective because it is presented by
Ž Ž ..the upper-triangular matrix of the form  H, L . Next, by the funda-H , L
Ž .mental theorem Theorem 4.4 , the map  is an injective linear map with
Ž .cokernel isomorphic to XObs G, S . Finally, we shall prove that  

 0,
which completes the proof of the theorem by the universality of cokernels
˜ Ž .and the finiteness of the cokernel of  
. We note that any  X G, S
can be expanded by the inversion formula as follows:
11    1    
 D  D , H  H , s D , sŽ . Ž . Ž . Ž .Ý Ý  G DHG Ž .sC HG˙ ˙
1
 
  D , H  H , s D , s .Ž . Ž .Ý Ýž / WDŽ . s  HGD , s s
˜ Ž .Thus for any  X G, S ,
 Im    
  
 0,Ž . Ž .
and so  

 0, as required. The theorem is proved.
Ž .5.4 Some Group Algebras. In this paragraph, we assume that the
G-monoid S is a finite group. Let  be a field of characteristic 0 such that
it is a splitting field of every subgroup of a finite group G. We denote by
Ž .Irr S the set of irreducible characters of a finite group S over .
We first remember the idempotent formula and the central characters
Ž  .of Z  S . The centrally primitive idempotent associated to an irre-
ducible -character  has the form
 1Ž . 1   
  s s Z  S . 5.4.aŽ . Ž .Ž .Ý  S sS
Ž  .Furthermore, any central element z Z  S is expressed by the -
linear combination of e ’s as
z
  z  , 5.4.bŽ . Ž .Ý  
Ž .Irr S
Ž  . Žwhere  : Z  S  is the algebra homomorphism called central
.character associated to  which has the value at a class sum s as follows:ˆ
 S  sŽ .
 s  , s
 s
. 5.4.cŽ . Ž .ˆ ˆ Ý  C s  1Ž . Ž .S s
s
S
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Thus the primitive idempotent  is characterized by
1 if 
  ,
  
 5.4.dŽ . Ž .  ½ 0 else,
Ž .where  is an irreducible character of S. Furthermore,  gives an 
Ž  . ralgebra isomorphism from Z  S to the product ring  , where r is the
number of conjugacy classes of S.
Ž  .G Ž  .We next consider the subalgebra Z  S of Z  S consisting of
Ž  .Gelements fixed by G. Any primitive idempotent of Z  S has the form
 1Ž . G1˜     
  s s Z  S , 5.4.eŽ . Ž .Ž .˜ Ý Ý  
  G 
 sG
G
˜where  is an irreducible -character of S and  is the summation of all
distinct G-conjugates of  . Clearly,  
  if and only if  and  belong˜ ˜ 
Ž Ž  ..Gto the same G-conjugacy class. Any element z of Z  S is expressed
by the linear combination of  ’s as˜
z
 
 z  , 5.4.fŽ . Ž .˜Ý  

where  runs over a complete representatives of the G-conjugacy classes
of pairs of irreducible characters of S and  is the central character of
  Ž . S associated to the irreducible character  as above 5.4.c . The algebra
Ž  .Ghomomorphism  on   S can be extended to the algebra homomor-
Ž  . Ž .phism  on Z  SG , where   is an irreducible constituent of Ž .
the induced character   SG.
We note that
G G   Z  S 
 Z  S 5.4.gŽ .Ž . Ž .
holds if one of the following conditions holds:
Ž .A S is a normal subgroup of G.
Ž .B S is an abelian group.
Ž  .GUnder these conditions,  S is a commutative algebra. Without these
Ž .conditions, 5.4.g does not hold in general.
Ž . Ž .5.5 THEOREM Idempotent Formula . Assume that the G-monoid S is
a finite group. Let  be a field of characteristic 0 which is a splitting field for
all subgroups of G.
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Ž . Ž .1 For HG and an irreducible -character  of C H , we putS
 1Ž . 1˜   e 
 D  D , H  s D , s .Ž . Ž .Ý ÝH ,     N H C HŽ . Ž .G S DH Ž .sC HS
5.5.aŽ .
 Ž . Ž . Ž Ž .. 4Then e H  C G ,  Irr C H  is a set of orthogonal idem-H ,   S NH
Ž .potents of crossed Burnside ring X G, S such that
1
 e , 5.5.bŽ .Ý H , 
H , 
Ž . Ž . Ž Ž .. where the summation is taken oer H  C G and  Irr C H  . S NH
Ž .2 When S is an abelian G-monoid or a normal subgroup of G with
G-action defined by G-conjugation, the aboe idempotents e ’s are allH , 
Ž .primitie and conersely any primitie idempotent of X G, S has this form.
Ž  Ž ..NHProof. We view the primitive idempotent  of   C H as anH˜ ,  S
˜ Ž .element of  X G, S which has the value at LG of
g  if L
gHŽ .H˜ ,  L 
Ž .H˜ ,  ½ 0 else.
˜ Ž .Then  is a central idempotent of  X G, S such thatH˜ , 
1
 
 e ,Ý H , 
Ž .H , 
Ž .where H,  runs over a complete representative of G-conjugacy classes
Ž Ž ..of pairs HG and  Irr C H . Note that under the assumption of S
˜Ž . Ž .2  ’s are primitive idempotents of  X G, S and conversely anyH˜ , 
˜ Ž . Ž .primitive idempotent of  X G, S has this form. The H, s -component
Ž .of  H is given byH˜ , 
1
1 H , s 
  
 1  
 sŽ . Ž . Ž .˜ ÝH ,   C H Ž .S  
 NH
 1Ž . 1˜
  s .Ž .
 C HŽ .S
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ŽThus the theorem follows immediately from the inversion formula Pro-
. Ž .position 5.2 together with 4.6.a as
e 
 1 Ž .˜H ,  
1
   
 D  D , H
  H
, s D , sŽ . Ž .˜Ý Ý H ,  G DH 
H Ž .sC H 
S˙ ˙
1
   
 D  D , H  H , s D , sŽ . Ž .˜Ý Ý H ,  N HŽ .G DH Ž .sC HS˙
1  1Ž . 1˜   
 D  D , H  s D , sŽ . Ž .Ý Ý   N H C HŽ . Ž .G SDH Ž .sC HS
 1Ž . 1˜   
 D  D , H  s D , s .Ž . Ž .Ý Ý   N H C HŽ . Ž .G S DH Ž .sC HS
Ž .5.6 LEMMA. Let S be an abelian G-group or a normal subgroup of G
with conjugacy action of G and  a field of characteristic 0 which is a
splitting field for all subgroups of G.
Ž . Ž .1 The crossed Burnside ring X G, S is a splitting semi-simple -
algebra, that is, a direct product of some copies of . Furthermore, the
number of direct components is equal to
 dim X G , S 
 Irr C H  5.6.aŽ . Ž . Ž .Ž .Ý  S
Ž . Ž .H C G
 
 C H  . 5.6.bŽ . Ž .Ý S
Ž . Ž .H C G
Ž . Ž .2 For a subgroup H of G and an irreducible character  of C H , theS
linear map
  xŽ .  :  X G , S ; X  5.6.cŽ . Ž .ÝH ,   1Ž .HxX
Ž .is a -algebra homomorphism. In particular,  X is an algebraicH , 
integer if  is a subfield of . Conersely, any -algebra homomorphism
Ž .from  X G, S to  has this form.
ODA AND YOSHIDA58
Ž .3 The aboe algebra homomorphisms gie an algebra isomorphism,
  :  X G , Sc  
, 5.6.dŽ . Ž . Ž .Ł ŁH , 
Ž . H
Ž .where H runs oer all conjugacy classes of subgroups of G and  runs oer
a complete set of representaties of NH-conjugacy classes of irreducible
Ž .characters of C H .S
Ž .Proof. Part 1 follows directly from Corollary 4.6.
Ž .2 The map  is the composition of the Burnside homomorphismH , 
 at H followed by the central character  . In fact, for any crossed˜H H , 
 G-set X over S, we have
H      X 
  X s sŽ .˜ ˜ ÝH ,  H H ,  ž /
Ž .sC HS
 sŽ .H  
 X s Ý
 1Ž .Ž .sC HS
  xŽ .

 Ý
 1Ž .HxX
 
  X .Ž .H , 
In particular,  is an algebra homomorphism. Note that  
 H ,  H ,  H 
,  

if and only if there is an element g of G such that H

gH,  

g . Next,
Ž .for the number on algebraic homomorphisms on  X G, S , we have
Alg  X G , S , 
 dim  X G , SŽ . Ž .Ž . 

   H  C G ,  Irr C H  . 4Ž . Ž . Ž .Ž .H ,   S
Ž .Thus all algebraic homomorphisms from  X G, S to  have the form
Ž . for a pair H,  .H , 
Ž .3 This follows directly from the fact that
Ž .N H rG : C H Ž . Ž .H ,  S
is an algebraic isomorphism for some r.
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Ž .5.7 Idempotents of the Burnside Ring. Let  : S T be a G-monoid
homomorphism. Then  induces three ring homomorphisms,
 : X G , S  X T ,Ž . Ž .!
˜ ˜ : X G , S  X T ,Ž . Ž .!
 : XObs G , S XObs G , T ,Ž . Ž .!
and these maps are commutative with the Burnside homomorphisms and
Ž .CFB-maps. See 3.4 .
The crossed Burnside ring over a trivial G-monoid 1 is nothing but the
Ž . Ž Ž .. Ž .usual Burnside ring  G see 3.1 . A primitive idempotent of  G
Ž .  G has the form
1
   e  D  D , H GD . 5.7.aŽ . Ž .ÝH  N HŽ .G DH
  Ž . Ž .See Yo83 . Let  :  G  X G, S be the homomorphism in-!
duced from : 1 S. Then  maps e to! H
 e 
 e , 5.7.bŽ . Ž .Ý! H H , 

Ž Ž .. where  runs over Irr C H  . S NH
Ž .5.8 The Hadamard Product on the Crossed Burnside Ring. The crossed
Ž . Ž .Burnside ring X G, S becomes a commutative ring X G, S withHad
respect to the Hadamard products,
     X  Y  X Y . 5.8.aŽ .S
 The identity element with respect to the Hadamard product is S with
weight function 1 : S S. On the classes of transitive crossed G-sets, weS
have
     g D , s  E, t 
 D E, s . 5.8.bŽ .Ý
DgED	GE
g: s
 t
Ž .The ring X G, S is the Grothendieck ring of the comma category ofHad
Set G over S, and so it is isomorphic to the product of some usual Burnsidef
rings,
X G , S   G , 5.8.cŽ . Ž . Ž .ŁHad s
sSG˜
where s runs over a complete set of representatives of G-conjugacy classes
in S.
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The Burnside homomorphism  preserves not only tensor products but
also Hadamard products. In fact, for any crossed G-sets X and Y, we have
H H         X Y 
 X s  Y s s. 5.8.dŽ .Ž . ÝH S
Ž .sC HS
Ž . Ž .This is nothing but the Hadamard product of  X and  Y in theH H
 Ž .group algebra  C H .S
Ž . Ž .5.9 PROPOSITION Idempotent Formula for Hadamard Products . Let
 be a field of characteristic 0 and  a local ring of characteristic 0 andp
with the residue ring of characteristic p 0.
Ž . Ž .1 Any primitie idempotent of  X G, S has the formHad
1
   f 
 D  D , H D , s 5.9.aŽ . Ž .ÝH , s  N HŽ . sG DH
Ž .for some HG, s C H . Furthermore, f 
 f if and only if thereS H , s H 
, s

exists an element g of G such that H

gH, s

gs.
Ž . Ž .2 Any primitie idempotent of  X G, S has the formp Had
f Ž p.
 f , 5.9.bŽ .ÝQ , s H , s
p H , s : H 
Q
where Q is a subgroup of G with no nontriial p-groups as quotient groups and
Ž . Ž .s C Q . The summation is taken oer all N Q -conjugacy classes ofS G
subgroups H such that HQ is a p-group.
Ž . Ž .3 Any primitie idempotent e of  X G, S is presented asH , 
 1Ž . 1˜e 
  s f . 5.9.cŽ . Ž .ÝH ,  H , s C HŽ . S Ž .sC H S NH
Ž . Ž .Proof. Parts 1 and 2 follow from the idempotent formula for the
  Ž . Ž .Burnside ring Yo83 and 5.8.c . Part 3 easily follows from the idempo-
tent formula for the crossed Burnside ring at characteristic 0.
6. EXAMPLES
Ž .6.1 Notation. In this section we give some numerical examples of the
Ž .crossed Burnside rings of S , A , and A . For each group, we list A the3 4 5
conjugacy classes of subgroups and the table of marks for the Burnside
Ž .  NHring; B some information about k CH for HG
 S , particularly a3
 Ž .NG Ž H . Ž .basis for  C H ; C the table of marks of the crossed BurnsideG
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Ž . Ž .ring; D the multiplication table of the center of the group algebra; E
Ž .the multiplication table for the crossed Burnside ring; F the idempotent
Ž .formula of the crossed Burnside ring at characteristic 0; G the decompo-
sitions of idempotents of the Burnside rings in the crossed Burnside rings;
Ž .H the expression of the transitive crossed G-sets as linear combinations
Ž .of primitive idempotents of the crossed Burnside ring; and I the p-local
idempotent formula for the crossed Burnside ring.
Ž .The terms C , D , E , A , and S denote the groups or subgroupsn 2 n n n n
isomorphic to a cyclic group of order n, a dihedral group of order 2n, an
elementary abelian group of order n, the alternating group of degree n,
and the symmetric group of degree n, respectively. We denote by G one of
Ž .the groups S , A , and A . Let C G be the set of conjugacy classes of3 4 5
Ž . Ž .subgroups of G. The table of marks M G for the Burnside ring  G is a
Ž Ž . Ž ..C G  C G -matrix defined by
 M G  Map GK , GH . 6.1.aŽ . Ž . Ž .Ž . Ž .GH , KG
Ž .We took the transpose of the matrix M in 4.4.b in order to save space.
Note that
   gMap GH , GK 
  gKGK H K . 6.1.b 4Ž . Ž .G
Ž . Ž .By 4.4.c , the matrix M G is a lower triangular matrix after the rows and
columns are arranged by the order of subgroups.
Next, let  be a field of characteristic 0 which is a splitting field for all
Ž .subgroups of G. Then the table of marks XM G for the crossed Burnside
Ž c.ring X G, G is the matrix defined by
 XM G   H , s , 6.1.cŽ . Ž .Ž .Ž .  H , s , KK
Ž .where  is the Burnside homomorphism see 4.2 andK
W KK g  H , s 
  gH GH s
 t  t C K .Ž . Ž .Ž .  4ÝK G
tG
6.1.dŽ .
Ž .See 4.4.c .
Ž c.Let e be the idempotents of  X G, G corresponding to a sub-H , 
Ž Ž ..group H of G and an irreducible character  Irr C H . We simplyG
denote by C the subgroup of G isomorphic to C and by d, d
, . . . the
Ž .irreducible characters of C H of degree d for some subgroup H of G.G
In particular, 1 denotes the principal character of a group. Each class
 D, s of transitive crossed G-sets can be expressed by a linear combina-
tion
  
  D , s 
  D , s e .Ž .Ý H ,  H , 
Ž .H , 
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Ž . ŽRemember that the coefficients  D, s are algebraic integers LemmaH , 
Ž ..5.6 2 .
Ž . Ž . Ž c.By 3.4.c , the Burnside ring  G is embedded into X G, G by the
map
    : GD  D , 1 .!
Ž . Ž .If e is the primitive idempotent of  G associated to H see 5.7.a ,H
Ž .then by 5.7.a ,
 e 
 
 e ,Ž . Ý! H H , 

where  runs over a complete representation on the NH-conjugacy classes
Ž .of the irreducible -character of C H .S
Ž .6.2 S .3
Ž . Ž .A First we treat the classes of subgroups and the table of marks of  G
² Ž . Ž .:for G
 S . The symmetric group S 
 s
 123 , t
 12 of degree 33 3
has three conjugacy classes of subgroups represented by
² : ² :1, C 
 t , C 
 s , G
 S .2 3 3
1 C C S2 3 3
S 1 63
S C 3 13 2
S C 2 23 3
S S 1 1 1 13 3
Ž .  NHB We now present some information about k CH for HG
 S .3
H 1 C C G
 S2 3 3
CH S C C 13 2 3
NH S C S S3 2 3 3
NH dim CH 3 2 2 1
ˆbasis 1, s, t 1, t 1, s 1ˆ ˆ
Ž c. 1Thus X G, G is of dimension 8. In this table, we put s
 s s andˆ
1  tˆ
 t st s t. They are the class sums in the group algebra  G .
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Ž . Ž c.C We now give the table of marks of X G, G for G
 S .3
1 C C S2 3 3
 1, 1 6  1
  ˆ1, t 2 t
 1, s 3 sˆ
 C , 1 3  1 1  12
  ˆC , t t t2
 C , 1 2  1 2  13
 C , s s sˆ ˆ3
 S , 1 1 1 1 13
Ž . Ž  .D Here we give the multiplication table of Z  S :3
ˆ1 t sˆ
ˆ1 1 t sˆ
ˆ ˆ ˆt t 3  1 3s 2 tˆ
ˆs s 2 t 2  1 sˆ ˆ ˆ
Ž . Ž c.E The multiplication table of X G, G for G
 S is now given:3
1 a b c d e f g
 1
 S , 1 1 a b c d e f g3
 a
 C , s a a b 2 a f e e g 2 f 2 e3
 b
 C , 1 b 2 a 2b f g 2 e 2 f 2 g3
 c
 C , t c f f d e c f 3 f 2 e g 3 f2
 d
 C , 1 d e g c f d g 3e 3 f 3g2
 e
 1, s e e g 2 e 3 f 3e 3e 3g 6 f 6e
 f
 1, t f 2 f 2 f 2 e g 3 f 6 f 4e 2 g 6 f
 g
 1, 1 g 2 e 2 g 3 f 3g 6e 6 f 6 g
Ž . Ž c.F Primitive idempotents of  X G, G at characteristic 0 for G
 S3
are given:
       e 
 12 1, 1  C , 1  12 C , 1  S , 1 ,Ž . Ž .S , 1 2 3 33
       e 
 118 1, 1  19 1, s  16 C , 1  13 C , s ,Ž . Ž . Ž . Ž .C , 1 3 33
       e 
 19 1, 1  19 1, s  13 C , 1  13 C , s ,Ž . Ž . Ž . Ž .C , 1
 3 33
       e 
 14 1, 1  14 1, t  12 C , 1  12 C , t ,Ž . Ž . Ž . Ž .C , 1 2 22
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       e 
 14 1, 1  14 1, t  12 C , 1  12 C , t ,Ž . Ž . Ž . Ž .C , 1
 2 22
     e 
 136 1, 1  118 1, s  112 1, t ,Ž . Ž . Ž .1, 1
     e 
 136 1, 1  118 1, s  112 1, t ,Ž . Ž . Ž .1, 1

   e 
 19 1, 1  19 1, s .Ž . Ž .1, 2
Ž . Ž . Ž c.G The decompositions of idempotents of  G in  X G, G for
Ž .G
 S are now given. The Burnside ring  S has four primitive3 3
idempotents,
e , e , e , e .1 C C S2 3 3
The images of these idempotents by the embedding  is decomposed as!
 e 
 eŽ .! S S , 13 3
       
 12 1, 1  C , 1  12 C , 1  S , 1 ,Ž . Ž .2 3 3
 e 
 e  eŽ .! C C , 1 C , 1
3 3 3
   
 16 1, 1  12 C , 1 ,Ž . Ž . 3
 e 
 e  eŽ .! C C , 1 C , 1
2 2 2
   
 12 1, 1  C , 1Ž . 2
 e 
 e  e  eŽ .! 1 1, 1 1, 1
 1, 2
 
 16 1, 1 .Ž .
Ž .H The expression of the transitive crossed G-sets as linear combinations
Ž c.of primitive idempotents of X G, G for G
 S are given.3
 1, 1 
 6e  6e  6e ,1, 1 1, 1
 1, 2
 1, s 
 6e  6e  3e ,1, 1 1, 1
 1, 2
 1, t 
 6e  6e ,1, 1 1, 1

 C , 1 
 3e  3e  3e  e  e ,2 1, 1 1, 1
 1, 2 C , 1 C , 1
2 2
 C , t 
 3e  3e  e  e ,2 1, 1 1, 1
 C , 1 C , 1
2 2
 C , 1 
 2 e  2 e  2 e  2 e  2 e ,3 1, 1 1, 1
 1, 2 C , 1 C , 1
3 3
 C , s 
 2 e  2 e  e  2 e  e ,3 1, 1 1, 1
 1, 2 C , 1 C , 1
3 3
 S , 1 
 e  e  e  e  e  e  e  e .3 1, 1 1, 1
 1, 2 C , 1 C , 1
 C , 1 C , 1
 S , 12 2 3 3 3
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Ž . Ž c.I Primitive idempotents of  X G, G for G
 S are now treated.p 3
Ž .I.1 Case p
 2. There are four primitive idempotents.
     e  e 
 49 1, 1  19 1, s  C , 1Ž . Ž .C , 1 S , 1 23 3
      13 C , 1  13 C , s  S , 1 ,Ž . Ž .3 3 3
     e 
 19 1, 1  19 1, s  13 C , 1Ž . Ž . Ž .C , 1
 33
  13 C , s ,Ž . 3
     e  e  e  e 
 49 1, 1  19 1, s  C , 1 ,Ž . Ž .1, 1 1, 1
 C , 1 C , 1
 22 2
   e 
 19 1, 1  19 1, s .Ž . Ž .1, 2
Ž .I.2 Case p
 3. There are four primitive idempotents.
e  e  e  e  e1, 1 1, 1
 1, 2 C , 1 C , 1
3 3
   
 12 1, 1  12 C , 1 ,Ž . Ž . 3
       e 
 14 1, 1  14 1, t  12 C , 1  12 C , t ,Ž . Ž . Ž . Ž .C , 1 2 22
       e 
 14 1, 1  14 1, t  12 C , 1  12 C , t ,Ž . Ž . Ž . Ž .C , 1
 2 22
       e 
 12 1, 1  C , 1  12 C , 1  S , 1 .Ž . Ž .S , 1 2 3 33
Ž .6.3 A .4
Ž . Ž .A The classes of subgroups and the table of marks of  G for G
 A4
² Ž . Ž .Ž .:are presented. The alternating group A 
 s
 123 , t
 12 34 of4
degree 4 has five conjugacy classes of subgroups represented by
² : ² :  41, C 
 t , C 
 s , E 
 1, t , t , t , G
 A ,2 3 4 1 2 3 4
where
t 
 t , t 
 sts1 
 14 23 , t 
 s1 ts
 13 24 .Ž . Ž . Ž . Ž .1 2 3
1 C C E A2 3 4 4
A 1 124
A C 6 24 2
A C 4 14 3
A E 3 3 34 4
A A 1 1 1 1 14 4
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Ž .  NHB Some information about k CH for HG
 A is presented.4
H 1 C C E G
 A2 3 4 4
CH A E C E 14 4 3 4
NH A E C A A4 4 3 4 4
NH dim CH 4 4 3 2 1
ˆ ˆbasis 1, t, s, s
 1, t , t , t 1, s, s
 1, t 1ˆ ˆ 1 2 3
Ž c. 1Thus  X G, G is of dimension 14. In this table, we put s

 s 

Ž . Ž . Žˆ132 , t
 t  t  t , s
 1 t  t  t s, and s

 1 t  t ˆ ˆ1 2 3 1 2 3 1 2
.t s
.3
Ž . Ž c.C The table of marks of X G, G for G
 A is shown.
1 C C E A2 3 4 4
 1, 1 12  1
  ˆ1, t 4 t
 1, s 3 sˆ
 1, s
 3s
ˆ
 C , 1 6  1 2  12
  ˆC , t 2 t 2 t2 1 1
  ˆC , t 2 t 2 t2 2 2
  ˆC , t 2 t 2 t2 3 3
 C , 1 4  1 13
 C , s s sˆ3
 C , s
 s
 s
ˆ3
 E , 1 3  1 3  1 3  14
  ˆ ˆ ˆE , t t t t4
 A , 1 1 1 1 1 14
Ž . Ž  .D The multiplication table of Z  A is given.4
ˆ1 t s s
ˆ ˆ
ˆ1 1 t s s
ˆ ˆ
ˆ ˆ ˆt t 3  1 2 t 3s 3s
ˆ ˆ
ˆ ˆs s 3t 4 s
 4  1 2 tˆ ˆ ˆ
ˆs
 s
 3s
 4  1 t 4 sˆ ˆ ˆ ˆ
Ž . Ž c.E The multiplication table of X G, G for G
 A is omitted here.4
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Ž . Ž c.F Primitive idempotents of  X G, G at characteristic 0 for G
 A4
are now presented. There are 14 primitive idempotents.
       e 
 1144 1, 1  148 1, t  136 1, s  136 1, s
 ,Ž . Ž . Ž . Ž .1, 1
         e 
 1144 1, 1  148 1, t   36 1, s   36 1, s
 ,Ž . Ž . Ž . Ž .1, 1

         e 
 1144 1, 1  148 1, t   36 1, s   36 1, s
 ,Ž . Ž . Ž . Ž .1, 1
   e 
 116 1, 1  116 1, t ,Ž . Ž .1, 3
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32
    116 1, 1  316 1, t ,Ž . Ž .
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 1
    116 1, 1  116 1, t ,Ž . Ž .
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 2
    116 1, 1  116 1, t ,Ž . Ž .
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 3
    116 1, 1  116 1, t ,Ž . Ž .
     e 
 13 C , 1  13 C , s  13 C , s
Ž . Ž . Ž .C , 1 3 3 33
      19 1, 1  19 1, s  19 1, s
 ,Ž . Ž . Ž .
       e 
 13 C , 1   3 C , s   3 C , s
Ž . Ž . Ž .C , 1 3 3 33
        19 1, 1   9 1, s   9 1, s
 ,Ž . Ž . Ž .
       e 
 13 C , 1   3 C , s   3 C , s
Ž . Ž . Ž .C , 1 3 3 33
        19 1, 1   9 1, s   9 1, s
 ,Ž . Ž . Ž .
       e 
 112 E , 1  14 E , t  18 C , 1  18 C , tŽ . Ž . Ž . Ž .E , 1 4 4 2 2 14
        18 C , t  18 C , t  124 1, 1  18 1, t ,Ž . Ž . Ž . Ž .2 2 2 3
       e 
 14 E , 1  14 E , t  38 C , 1  18 C , tŽ . Ž . Ž . Ž .E , 1 4 4 2 2 14 1
        18 C , t  18 C , t  18 1, 1  18 1, t ,Ž . Ž . Ž . Ž .2 2 2 3
       e 
 A , 1  13 E , 1  C , 1  13 1, 1 .Ž . Ž .A , 1 4 4 34
 'Ž .Here  
 1 3 2.
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Ž . Ž . Ž c.G The decompositions of idempotents of  G in  X G, G for
Ž .G
 A are now treated. The Burnside ring  A has five primitive4 4
idempotents:
e , e , e , e , e .1 C C E A2 3 4 4
The images of these idempotents by the embedding  are decomposed as!
 e 
 eŽ .! A A , 14 4
       
 A , 1  13 E , 1  C , 1  13 1, 1 ,Ž . Ž .4 4 3
 e 
 e  eŽ .! E E , 1 E , 14 4 4 1
     
 13 E , 1  12 C , 1  16 1, 1 ,Ž . Ž . Ž .4 2
 e 
 e  e  e Ž .C C , 1 C , 1 C , 13 3 3 3
   
 C , 1  13 1, 1 ,Ž .3
 e 
 e  e  e  eŽ .C C , 1 C , 1 C , 1 C , 12 2 2 1 2 2 2 3
   
 12 C , 1  14 1, 1 ,Ž . Ž .2
 e 
 e  e  e  eŽ .1 1, 1 1, 1
 1, 1 1, 3
 
 112 1, 1 .Ž .
Ž .H The expression of the transitive crossed G-sets as linear combinations
Ž c.of primitive idempotents of X G, G for G
 A are now given.
 1, 1 
 12 e  12 e  12 e  12 e ,1, 1 1, 1
 1, 1 1, 3
 1, t 
 12 e  12 e  12 e  4e ,1, 1 1, 1
 1, 1 1, 3
   1, s 
 12 e  12 e  12 e ,1, 1 1, 1
 1, 1
   1, s
 
 12 e  12 e  12 e ,1, 1 1, 1
 1, 1
 C , 1 
 6e  6e  6e  6e2 1, 1 1, 1
 1, 1 1, 3
 2 e  2 e  2 e  2 e ,C , 1 C , 1 C , 1 C , 12 2 1 2 2 2 3
 C , t 
 6e  6e  6e  2 e2 1 1, 1 1, 1
 1, 1 1, 3
 2 e  2 e  2 e  2 e ,C , 1 C , 1 C , 1 C , 12 1 1 2 2 2 3
 C , t 
 6e  6e  6e  2 e2 2 1, 1 1, 1
 1, 1 1, 3
 2 e  2 e  2 e  2 e ,C , 1 C , 1 C , 1 C , 12 2 1 2 2 2 3
   C , 1 
 4e  4e  4e  4e  e  e  e ,3 1, 1 1, 1
 1, 1 1, 3 C , 1 C , 1 C , 13 3 3
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      C , s 
 4e  4 e  4 e  e   e   e ,3 1, 1 1, 1
 1, 1 C , 1 C , 1 C , 13 3 3
      C , s
 
 4e  4 e  4 e  e   e   e ,3 1, 1 1, 1
 1, 1 C , 1 C , 1 C , 13 3 3
 E , 1 
 3e  3e  3e  3e  3e  3e  3e4 1, 1 1, 1
 1, 1 1, 3 C , 1 C , 1 C , 12 2 1 2 2
 3e  3e  3e ,C , 1 E , 1 E , 12 3 4 4 1
 E , t 
 3e  3e  3e  e  3e  e  e  e4 1, 1 1, 1
 1, 1 1, 3 C , 1 C , 1 C , 1 C , 12 2 1 2 2 2 3
 3e  e ,E , 1 E , 14 4 1
 A , 1 
 e  e  e  e  e  e  e  e4 1, 1 1, 1
 1, 1 1, 3 C , 1 C , 1 C , 1 C , 12 2 1 2 2 2 3
 e  e  e  e  e  e .C , 1 C , 1 C , 1 E , 1 E , 1 A , 13 3 3 4 4 1 4
Ž . Ž c.I Primitive idempotents of  X G, G for G
 A are now treated.p 4
Ž .i Case p
 2. There are five primitive idempotents.
       e 
 A , 1  13 E , 1  C , 1  13 1, 1 ,Ž . Ž .A , 1 4 4 34
e  e  e  e  e  eE , 1 E , 1 C , 1 C , 1 C , 1 C , 14 4 1 2 2 1 2 2 2 3
 e  e  e  e 
 13 E , 1Ž .1, 1 1, 1
 1, 1 1, 3 4
     e 
 13 C , 1  13 C , s  13 C , s
Ž . Ž . Ž .C , 1 3 3 33
      19 1, 1  19 1, s  19 1, s
 ,Ž . Ž . Ž .
       e 
 13 C , 1   3 C , s   3 C , s
Ž . Ž . Ž .C , 1 3 3 33
        19 1, 1   9 1, s   9 1, s
 ,Ž . Ž . Ž .
       e 
 13 C , 1   3 C , s   3 C , s
Ž . Ž . Ž .C , 1 3 3 33
        19 1, 1   9 1, s   9 1, s
 .Ž . Ž . Ž .
Ž .ii Case p
 3. There are seven primitive idempotents.
e  e  eA , 1 E , 1 E , 14 4 4 1
     
 12 1, 1  12 C , 1  A , 1 ,Ž . Ž . 2 4
e  e  e  e  e  eC , 1 C , 1 C , 1 1, 1 1, 1
 1, 13 3 3
     
 516 1, 1 116 1, t  C , 1 ,Ž . Ž . 3
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32
    116 1, 1  316 1, t ,Ž . Ž .
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       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 1
    116 1, 1  116 1, t ,Ž . Ž .
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 2
    116 1, 1  116 1, t ,Ž . Ž .
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 3
    116 1, 1  116 1, t ,Ž . Ž .
   e 
 116 1, 1  116 1, t .Ž . Ž .1, 3
Ž .6.4 A .5
Ž .A The alternating group A of degree 5 has nine conjugacy classes of5
subgroups represented by
1, C , C , E , C , S , D , A , A 
G.2 3 4 5 3 10 4 5
Ž .The following is the table of marks of the Burnside ring  A .5
1 C C E C S D A A2 3 4 5 3 10 4 5
A 1 605
A C 30 25 2
A C 20 25 3
A E 15 3 35 4
A C 12 25 5
A S 10 2 1 15 3
A D 6 2 1 15 10
A A 5 1 2 1 15 4
A A 1 1 1 1 1 1 1 1 15 5
Ž .  NHB Some information about k CH for HG
 A is now given.4
H 1 C C E C S D A A2 3 4 5 3 10 4 5
CH A E S A D S D A A5 4 3 4 10 3 10 4 5
NH A E S A D S D A A5 4 3 4 10 3 10 4 5
N H dim CH 5 4 2 2 3 1 1 1 1
ˆbasis 1, t, s, r, r 
 1, t , t , t 1, s* 1, t* 1, r*, r 
* 1 1 1 1ˆ ˆ ˆ 1 2 3
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Ž c.Thus  X G, G is of dimension 20. In this table, we used the
following symbols:
t
 12 34 , s
 123 , r
 12345 , r 

 r 2
 13524 ,Ž . Ž . Ž . Ž . Ž .
 4t 
 t
 12 34 , t 
 13 24 , t 
 14 23 , E 
 1, t , t , t ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 3 4 1 2 3
s*
 s s1 , t*
 t  t  t , r*
 r r1 , r 
*
 r 2 r 3 ,1 2 3
x
 y class sum for any x A .Ž .ˆ Ý 5
yx
Ž . Ž c.C The table of marks of X G, G for G
 A is given below. Note5
that A has five conjugacy classes of elements and that they are repre-5
sented by 1, t, s, r, r 
.
1 C C E C S D A A2 3 4 5 3 10 4 5
 1, 1 60
  ˆ1, t 4 t
 1, s 3 sˆ
 1, r 5rˆ
 1, r 
 5r 
ˆ
 C , 1 30 22
  ˆC , t 2 t 2 t2 1 1
  ˆC , t 2 t 2 t2 2 2
  ˆC , t 2 t 2 t2 3 3
 C , 1 20 23
 C , s s s*ˆ3
 E , 1 15 3 34
  ˆE , t t t* t*4
 C , 1 12 25
 C , r r rˆ5
 C , r 
 r 
 r 
ˆ5
 S , 1 10 2 1 13
 D , 1 6 2 1 110
 A , 1 5 1 2 1 14
 A , 1 1 1 1 1 1 1 1 1 15
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Ž . Ž  .D The multiplication table of Z  A is given.5
ˆ ˆ ˆt  t
 15 2 t 3s 5r 5r 
,ˆ ˆ ˆ
ˆ ˆt  s
 4 t 6 s 5r 5r 
,ˆ ˆ ˆ ˆ
ˆ ˆt  r
 4 t 3s 5r 
,ˆ ˆ ˆ
ˆ ˆt  r 

 4 t 3s 5r ,ˆ ˆ ˆ
ˆs  s
 20 8t 7s 5r 5r 
,ˆ ˆ ˆ ˆ ˆ
ˆs  r
 4 t 3s 5r 5r ,ˆ ˆ ˆ ˆ ˆ
ˆs  r 

 4 t 3s 5r 5r 
,ˆ ˆ ˆ ˆ ˆ
r  r
 12 3s 5r r 
,ˆ ˆ ˆ ˆ ˆ
ˆr  r 

 4 t 3s r r 
,ˆ ˆ ˆ ˆ ˆ
r 
  r 

 12 3s r 5r 
.ˆ ˆ ˆ ˆ ˆ
Ž . Ž c.E The multiplication table of X G, G for G
 A is omitted here.5
Ž . Ž c.F There are 20 primitive idempotents in X G, G for G
 A .5
     e 
 13600 1, 1  1240 1, t  1180 1, sŽ . Ž . Ž .1, 1
    1300 1, r  1300 1, r 
 ,Ž . Ž .
         e 
 1400 1, 1  180 1, t   100 1, r   100 1, r 
 ,Ž . Ž . Ž . Ž .1, 3 1 1
         e 
 1400 1, 1  180 1, t   100 1, r   100 1, r 
 ,Ž . Ž . Ž . Ž .1, 3
 1 1
       e 
 1225 1, 1  145 1, s  175 1, r  175 1, r 
 ,Ž . Ž . Ž . Ž .1, 4
     e 
 1144 1, 1  148 1, t  136 1, s ,Ž . Ž . Ž .1, 5
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32
    116 1, 1  316 1, t ,Ž . Ž .
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 1
    116 1, 1  116 1, t ,Ž . Ž .
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 2
    116 1, 1  116 1, t ,Ž . Ž .
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       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 3
    116 1, 1  116 1, t ,Ž . Ž .
       e 
 16 C , 1  13 C , s  118 1, 1  19 1, s ,Ž . Ž . Ž . Ž .C , 1 3 33
       e 
 13 C , 1  13 C , s  19 1, 1  19 1, s ,Ž . Ž . Ž . Ž .C , 1
 3 33
       e 
 112 E , 1  14 E , t  18 C , 1  18 C , tŽ . Ž . Ž . Ž .E , 1 4 4 2 2 14
        18 C , t  18 C , t  124 1, 1  18 1, t ,Ž . Ž . Ž . Ž .2 2 2 3
       e 
 14 E , 1  14 E , t  38 C , 1  18 C , tŽ . Ž . Ž . Ž .E , 1
 4 4 2 2 14
        18 C , t  18 C , t  18 1, 1  18 1, t ,Ž . Ž . Ž . Ž .2 2 2 3
     e 
 110 C , 1  15 C , r  15 C , r 
Ž . Ž . Ž .C , 1 5 5 55
      150 1, 1  125 1, r  125 1, r 
 ,Ž . Ž . Ž .
       e 
 15 C , 1   5 C , r   5 C , r 
Ž . Ž . Ž .C , 1
 5 2 5 2 55
        125 1, 1   25 1, r   25 1, r 
 ,Ž . Ž . Ž .2 2
       e 
 15 C , 1   5 C , r   5 C , r 
Ž . Ž . Ž .C , 1 5 2 5 2 55
        125 1, 1   25 1, r   25 1, r 
 ,Ž . Ž . Ž .2 2
       e 
 S , 1  12 C , 1  C , 1  12 1, 1 ,Ž . Ž .S , 1 3 3 23
     e 
 D , 1  12 C , 1  12 1, 1 ,Ž . Ž .D , 1 10 510
       e 
 A , 1  13 E , 1  C , 1  13 1, 1 ,Ž . Ž .A , 1 4 4 34
     e 
 A , 1  A , 1  D , 1A , 1 5 4 105
        S , 1  C , 1  2 C , 1  1, 1 .3 3 2
Here, we used the symbols  ,  , defined as1 2
' '1 5 1 5
  
 ,  
 .1 22 2
Ž . Ž . Ž c.G The decompositions of idempotents of  G in  X G, G for
Ž .G
 A are now treated. The Burnside ring  A has nine primitive5 5
idempotents,
e , e , e , e , e , e , e , e , e .1 C C E C S D A A2 3 4 5 3 10 4 5
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The images of these idempotents by the embedding  are decomposed as!
 e 
 eŽ .! A A , 15 5
     
 A , 1  A , 1  D , 15 4 10
        S , 1  C , 1  2 C , 1  1, 1 ,3 3 2
 e 
 eŽ .! A A , 14 4
       
 A , 1  13 E , 1  C , 1  13 1, 1 ,Ž . Ž .4 4 3
 e 
 eŽ .! D D , 110 10
       
 D , 1  12 C , 1  C , 1  12 1, 1 ,Ž . Ž .10 5 2
 e 
 eŽ .! S S , 13 3
       
 S , 1  12 C , 1  C , 1  12 1, 1 ,Ž . Ž .3 3 2
 e 
 e  e  eŽ .C C , 1 C , 1
 C , 15 5 5 5
   
 12 C , 1  110 1, 1 ,Ž . Ž .5
 e 
 e  eŽ .! E E , 1 E , 1
4 4 4
     
 13 E , 1  12 C , 1  16 1, 1 ,Ž . Ž . Ž .4 2
 e 
 e  eŽ .C C , 1 C , 1
3 3 3
   
 12 C , 1  16 1, 1 ,Ž . Ž .3
 e 
 e  e  e  eŽ .C C , 1 C , 1 C , 1 C , 12 2 2 1 2 2 2 3
   
 12 C , 1  14 1, 1 ,Ž . Ž .2
 e 
 e  e  e  e  eŽ .1 1, 1 1, 3 1, 3
 1, 4 1, 5
 
 160 1, 1 .Ž .
Ž .H The expressions of the transitive crossed G-sets as linear combina-
Ž c.tions of primitive idempotents of X G, G for G
 A are given.5
 1, 1 
 60e  60e  60e  60e  60e ,1, 1 1, 3 1, 3
 1, 4 1, 5
 1, t 
 60e  20e  20e  12 e ,1, 1 1, 3 1, 3
 1, 5
 1, s 
 60e  15e  12 e ,1, 1 1, 4 1, 5
   1, r 
 60e  20 e  20 e  15e ,1, 1 1 1, 3 1 1, 3
 1, 4
   1, r 
 
 60e  20 e  20 e  15e ,1, 1 1 1, 3 1 1, 3
 1, 4
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 C , 1 
 30e  30e  30e  30e  2 e  2 e2 1, 1 1, 3 1, 3
 1, 4 1, 5 C , 12
 2 e  2 e  2 e ,C , 1 C , 1 C , 12 1 2 2 2 3
 C , t 
 30e  10e  10e  6e  2 e2 1 1, 1 1, 3 1, 3
 1, 5 C , 12
 2 e  2 e  2 e ,C , 1 C , 1 C , 12 1 2 2 2 3
 C , t 
 30e  10e  10e  6e  2 e2 2 1, 1 1, 3 1, 3
 1, 5 C , 12
 2 e  2 e  2 e ,C , 1 C , 1 C , 12 1 2 2 2 3
 C , t 
 30e  10e  10e  6e  2 e2 3 1, 1 1, 3 1, 3
 1, 5 C , 12
 2 e  2 e  2 e ,C , 1 C , 1 C , 12 1 2 2 2 3
 C , 1 
 20e  20e  20e  20e  20e  2 e  2 e ,3 1, 1 1, 3 1, 3
 1, 4 1, 5 C , 1 C , 13 3 1
 C , s 
 20e  5e  4e  2 e  e ,3 1, 1 1, 4 1, 5 C , 1 C , 13 3 1
 E , 1 
 15e  15e  15e  15e  15e4 1, 1 1, 3 1, 3
 1, 4 1, 5
 3e  3e  3e  3e  3e  3e ,C , 1 C , 1 C , 1 C , 1 E , 1 E , 1
2 2 1 2 2 2 3 4 4
 E , t 
 15e  5e  5e  3e4 1, 1 1, 3 1, 3
 1, 5
 3e  e  e  e  3e  e ,C , 1 C , 1 C , 1 C , 1 E , 1 E , 1
2 2 1 2 2 2 3 4 4
 C , 1 
 12 e  12 e  12 e  12 e5 1, 1 1, 3 1, 3
 1, 4
 12 e  2 e  2 e  2 e ,1, 5 C , 1 C , 1
 C , 15 5 5
   C , r 
 12 e  4 e  4 e5 1, 1 1 1, 3 1 1, 3

 3e  2 e  e  e ,1, 4 C , 1 2 C , 1
 2 C , 15 5 5
   C , r 
 
 12 e  4 e  4 e5 1, 1 1 1, 3 1 1, 3

 3e  2 e  e  e ,1, 4 C , 1 2 C , 1
 2 C , 15 5 5
 S , 1 
 10e  10e  10e  10e  10e  2 e3 1, 1 1, 3 1, 3
 1, 4 1, 5 C , 12
 2 e  2 e  2 e  e  e  e ,C , 1 C , 1 C , 1 C , 1 C , 1 S , 12 1 2 2 2 3 3 3 1 3
 D , 1 
 6e  6e  6e  6e  6e  2 e10 1, 1 1, 3 1, 3
 1, 4 1, 5 C , 12
 2 e  2 e  2 e  e  e  e  e ,C , 1 C , 1 C , 1 C , 1 C , 1
 C , 1 D , 12 1 2 2 2 3 5 5 5 10
 A , 1 
 5e  5e  5e  5e4 1, 1 1, 3 1, 3
 1, 4
 5e  e  e  e  e1, 5 C , 1 C , 1 C , 1 C , 12 2 1 2 2 2 3
 2 e  2 e  e  e  e ,C , 1 C , 1 E , 1 E , 1
 A , 13 3 1 4 4 4
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 A , 1 
 e  e  e  e  e  e  e  e  e5 1, 1 1, 3 1, 3
 1, 4 1, 5 C , 1 C , 1 C , 1 C , 12 2 1 2 2 2 3
 e  e  e  e  e  e  eC , 1 C , 1 E , 1 E , 1
 C , 1 C , 1
 C , 13 3 1 4 4 5 5 5
 e  e  e  e .S , 1 D , 1 A , 1 A , 13 10 4 5
Ž . Ž c.I Primitive idempotents of  X G, G for G
 A are now treated.p 5
Ž .i Case p
 2. There are 10 primitive idempotents.
     e 
 A , 1  A , 1  D , 1A , 1 5 4 105
        S , 1  C , 1  2 C , 1  1, 1 ,3 3 2
       e 
 A , 1  13 E , 1  C , 1  13 1, 1 ,Ž . Ž .A , 1 4 4 34
       e  e 
 D , 1  25 C , 1  15 C , r  15 C , r 
Ž . Ž . Ž .D , 1 C , 1 10 5 5 510 5
        C , 1  1225 1, 1  125 1, r  125 1, r 
 ,Ž . Ž . Ž .2
       e  e 
 S , 1  13 C , 1  13 C , s  C , 1Ž . Ž .S , 1 C , 1 3 3 3 23 3
    49 1, 1  19 1, s ,Ž . Ž .
       e 
 15 C , 1   5 C , r   5 C , r 
Ž . Ž . Ž .C , 1
 5 2 5 2 55
        125 1, 1   25 1, r   25 1, r 
 ,Ž . Ž . Ž .2 2
       e 
 15 C , 1   5 C , r   5 C , r 
Ž . Ž . Ž .C , 1 5 2 5 2 55
        125 1, 1   25 1, r   25 1, r 
 ,Ž . Ž . Ž .2 2
e  e  e  e  e  e  e  e  e  eE , 1 E , 1
 C , 1 C , 1 C , 1 C , 1 1, 1 1, 3 1, 3
 1, 54 4 2 2 1 2 2 2 3
     
 13 E , 1  16225 1, 1  145 1, sŽ . Ž . Ž .4
    175 1, r  175 1, r 
 ,Ž . Ž .
       e 
 13 C , 1  13 C , s  19 1, 1  19 1, s ,Ž . Ž . Ž . Ž .C , 1
 3 33
       e 
 1225 1, 1  145 1, s  175 1, r  175 1, r 
 .Ž . Ž . Ž . Ž .1, 4
Ž .ii Case p
 3. There are 15 primitive idempotents.
e  e  e  e  e1, 1 1, 4 1, 5 C , 1 C , 1
3 3
     
 31200 1, 1  140 1, t  1100 1, rŽ . Ž . Ž .
    1100 1, r 
  12 C , 1Ž . Ž . 3
         e 
 1400 1, 1  180 1, t   100 1, r   100 1, r 
 ,Ž . Ž . Ž . Ž .1, 3 1 1
CROSSED BURNSIDE RINGS, I 77
         e 
 1400 1, 1  180 1, t   100 1, r   100 1, r 
 ,Ž . Ž . Ž . Ž .1, 3
 1 1
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32
    116 1, 1  316 1, t ,Ž . Ž .
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 1
    116 1, 1  116 1, t ,Ž . Ž .
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 2
    116 1, 1  116 1, t ,Ž . Ž .
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 3
    116 1, 1  116 1, t ,Ž . Ž .
     e  e 
 A , 1  14 E , 1  14 E , tŽ . Ž .E , 1 A , 1 4 4 44 4
    C , 1  18 C , 1Ž .3 2
      18 C , t  18 C , t  18 C , tŽ . Ž . Ž .2 1 2 2 2 3
    38 1, 1  18 1, t ,Ž . Ž .
   e 
 14 E , 1  14 E , tŽ . Ž .E , 1
 4 44
    38 C , 1  18 C , tŽ . Ž .2 2 1
    18 C , t  18 C , tŽ . Ž .2 2 2 3
    18 1, 1  18 1, t ,Ž . Ž .
     e 
 110 C , 1  15 C , r  15 C , r 
Ž . Ž . Ž .C , 1 5 5 55
      150 1, 1  125 1, r  125 1, r 
 ,Ž . Ž . Ž .
       e 
 15 C , 1   5 C , r   5 C , r 
Ž . Ž . Ž .C , 1
 5 2 5 2 55
        125 1, 1   25 1, r   25 1, r 
 ,Ž . Ž . Ž .2 2
       e 
 15 C , 1   5 C , r   5 C , r 
Ž . Ž . Ž .C , 1 5 2 5 2 55
        125 1, 1   25 1, r   25 1, r 
 ,Ž . Ž . Ž .2 2
       e 
 S , 1  12 C , 1  C , 1  12 1, 1 ,Ž . Ž .S , 1 3 3 23
       e 
 D , 1  12 C , 1  C , 1  12 1, 1 ,Ž . Ž .D , 1 10 5 210
     e 
 A , 1  A , 1  D , 1A , 1 5 4 105
        S , 1  C , 1  2 C , 1  1, 1 .3 3 2
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Ž .iii Case p
 5. There are 14 primitive idempotents.
e  e  e  e  e  e  e1, 1 1, 3 1, 3
 1, 4 C , 1 C , 1
 C , 15 5 5
       
 12 C , 1  13144 1, 1  148 1, t  136 1, sŽ . Ž . Ž . Ž .5
     e 
 1144 1, 1  148 1, t  136 1, s ,Ž . Ž . Ž .1, 5
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32
    116 1, 1  316 1, t ,Ž . Ž .
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 1
    116 1, 1  116 1, t ,Ž . Ž .
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 2
    116 1, 1  116 1, t ,Ž . Ž .
       e 
 18 C , 1  18 C , t  18 C , t  18 C , tŽ . Ž . Ž . Ž .C , 1 2 2 1 2 2 2 32 3
    116 1, 1  116 1, t ,Ž . Ž .
       e 
 16 C , 1  13 C , s  118 1, 1  19 1, s ,Ž . Ž . Ž . Ž .C , 1 3 33
       e 
 13 C , 1  13 C , s  19 1, 1  19 1, s ,Ž . Ž . Ž . Ž .C , 1
 3 33
       e 
 112 E , 1  14 E , t  18 C , 1  18 C , tŽ . Ž . Ž . Ž .E , 1 4 4 2 2 14
        18 C , t  18 C , t  124 1, 1  18 1, t ,Ž . Ž . Ž . Ž .2 2 2 3
       e 
 14 E , 1  14 E , t  38 C , 1  18 C , tŽ . Ž . Ž . Ž .E , 1
 4 4 2 2 14
        18 C , t  18 C , t  18 1, 1  18 1, t ,Ž . Ž . Ž . Ž .2 2 2 3
       e 
 S , 1  12 C , 1  C , 1  12 1, 1 ,Ž . Ž .S , 1 3 3 23
       e 
 D , 1  12 C , 1  C , 1  12 1, 1 ,Ž . Ž .D , 1 10 5 210
       e 
 A , 1  13 E , 1  C , 1  13 1, 1 ,Ž . Ž .A , 1 4 4 34
     e 
 A , 1  A , 1  D , 1A , 1 5 4 105
        S , 1  C , 1  2 C , 1  1, 1 .3 3 2
REFERENCES
 Be91 D. J. Benson, ‘‘Representations and Cohomology,’’ Vol. I, Cambridge Univ. Press,
Cambridge, UK, 1981.
CROSSED BURNSIDE RINGS, I 79
 CR81 C. W. Curtis and I. Reiner, ‘‘Methods in Representation Theory,’’ Vol. I, Wiley,
New York, 1981.
 Dr75 A. W. M. Dress, Contributions to the theory of induced representations, in
‘‘Representation Theory of Finite Groups and Related Topics,’’ Springer Lecture
Notes in Math., Vol. 342, pp. 182240, Springer-Verlag, Berlin, 1975.
 DS88 A. W. M. Dress and C. Siebeneicher, The Burnside ring of profinite groups and
Ž .the Witt vector construction, Ad . in Math. 70 1988 , 87132.
 Fe82 W. Feit, ‘‘The Representation Theory of Finite Groups,’’ North-Holland, Amster-
dam, 1982.
 FY89 P. J. Freyd and D. N. Yetter, Braided compact closed categories with application
Ž .to low-dimensional topology, Ad . in Math. 77 1989 , 156182.
 Gr71 J. A. Green, Axiomatic representation theory for finite groups, J. Pure Appl.
Ž .Algebra 1 1971 , 4177.
 Is76 I. M. Isaacs, ‘‘Character Theory of Finite Groups,’’ Academic Press, New York,
1976.
  Ž .JS93 A. Joyal and R. Street, Braided tensor categories, Ad . in Math. 102 1993 ,
2078.
 MM94 S. Mac Lane and I. Moerdijk, ‘‘Sheaves in Geometry and Logic: A First Introduc-
tion to Topos Theory,’’ Springer-Verlag, New YorkBerlin, 1994.
 Mag95 S. Magid, ‘‘Foundations of Quantum Group Theory,’’ Cambridge Univ. Press,
Cambridge, UK, 1995.
 Ma95 G. Mason, The quantum double of a finite group and its role in conformal field
theory, in ‘‘Proceedings, Groups ’93, London Mathematical Society Conference,
Galway, 1993,’’ London Mathematical Society Lecture Note Series, Vol. 212, pp.
405417, Cambridge Univ. Press, Cambridge, UK, 1995.
  Ž .Pa95 B. Pareigis, On braiding and dyslexia, J. Algebra 171 1995 , 413425.
 St86 R. Stanley, ‘‘Enumerative Combinatorics,’’ Vol. I, Cambridge Univ. Press, Cam-
bridge, 1986.
  Ž .Ta93 D. Tambara, On multiplicative transfer, Comm. Algebra 21 1993 , 13931420.
 Th95 J. Thevenaz, ‘‘G-Algebras and Modular Representation Theory,’’ Oxford Science´
Publications, Oxford, 1995.
 Wi96 S. J. Witherspoon, The representation ring of the quantum double of a finite
Ž .group, J. Algebra 179 1996 , 305329.
 Ye92 D. N. Yetter, Topological quantum field theories associated to finite groups and
Ž .crossed G-sets, J. Knot Theory and Ramifications 1 1992 , 120.
 Yo83 T. Yoshida, Idempotents of Burnside rings and Dress induction theorem, J.
Ž .Algebra 80 1983 , 90105.
 Yo87 T. Yoshida, Fisher’s inequality for block designs with finite group action, J.
Ž .Faculty Sci. Tokyo Uni . Sect. IA 34 1987 , 513544.
  Ž .Yo90a T. Yoshida, On the unit groups of Burnside rings, J. Math. Soc. Japan 42 1990 ,
3164.
 Yo90b T. Yoshida, The generalized Burnside ring of a finite group, Hokkaido Math. J.
Ž .19 1990 , 509574.
